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Abstract.  Digital terrain models are valuable tools for studying landforms on computers.
Since a landscape consists of a mix of landforms at many scales, an analysis of all these
landforms using a terrain model at constant resolution is not appropriate. To fully model
and analyse the complexity of the landscape a multiresolution approach for terrain
modelling should be emphasised. During the last decades, different mathematical methods
for building data structures for multiresolution terrain models have been developed. Most
of them are, however, based on triangulations and optimised for real-time visualisation
and are less suitable for digital terrain analysis and landscape studies. In this paper we use
spline based techniques to effectively build multiresolution terrain models that are more
appropriate for terrain analysis. These methods can handle millions of data points over
huge areas as input and create a hierarchy of spline surfaces at different levels of
resolution as output. The surfaces can easily be evaluated at different scales for terrain
analysis in GIS applications.
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INTRODUCTION

When modern aerial photography and satellite remote sensing started to provide
continuos surface information by means of optical cameras, radar or laser beams,
and the derivation of terrain elevation was made possible by stereoscopy and
interferometry, topography gained a whole new meaning in spatial studies. Of
special interest are how different scales of topography influence ongoing processes
and how different processes result in landforms of different space-scale
characteristics. The topography consists of a mix of landforms at different time
and space scales. Their existence is the result of the ongoing work of a variety of
geological as well as geomorphological processes (hydrological, glacial,
periglacial). To fully investigate the process-form relationships among land-
forms at varying scale, multiresolution terrain models could be a valuable tool.
If so, an absolute requirement to such models is that they are based on a data
structure which in a flexible and effective manner makes it possible to extract and
evaluate surface models at varying resolution to produce topographic parameters
(e.g. slope, aspect, plan curvature and profile curvature). Based on such parameters,
a classification process (relief classification) can be carried out to produce
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combinations of topographic parameters that define topographic regions (relief
units) (Dikau, 1989; Sulebak et al., 1997). These relief units can represent the
dominance of certain surface processes during a specific time period resulting in
landforms identified at a specific scale. The latter is important due to the growing
recognition that process rates themselves may be better estimated from observation
of morphological change, particularly if measurement of process rate is difficult
to achieve at relevant space and time scales (Lane et al., 1995; Ashmore and
Church, 1998). The close relationship between a range of hydrological processes
and the morphometry of the land surface has made topographic parameters and
indices a useful tool in modelling the spatial variation of, i.e., soil water content,
evaporation, soil erosion and land slides (Beven and Kirkby, 1979; Moore et al.,
1991).

Today, elevation information is represented on computers as elevation data
in a digital format. This format is usually called digital elevation models (DEM).
Thus, a DEM is a computerised representation of the Earth’s relief. Different
formats exist, among the most commonly used are triangulated irregular net-
works (TIN), regular grids, contour lines and scattered data points. A DEM is
usually described either by a wire frame model or an image matrix in which the
value of each pixel is associated with a specific topographic height. These models
represent the terrain at a fixed resolution and their capability for effective
analysis of landscapes at different scales is therefore limited.

The main objective of this paper is to present (briefly) the theory behind B-
spline surfaces in general, and to show how a hierarchy of B-spline surfaces
constituting a multiresolution model can be calculated from scattered measurement
data and used in topographical analysis. The topographic parameters slope,
profile curvature and planform curvature can easily be calculated at any point in
the terrain by evaluating the mathematical spline model of the terrain. The
advantage of the multi-resolution approach is that the topographic parameters can
be more easily analysed at different resolutions. This can give valuable insight
into the relationships between data density and the calculated topographic
attributes and how this further can be linked to the morphometry of the landscape
and presence of specific landform types. The results may give valuable information
when analysing both the more general surface and relief characteristics of a
landscape and the more underlying complex process-form relationship in an area.
For example, assuming that a general flattening of the landscape occurs due to the
presence of erosional processes, the multi-resolution terrain model can be used
as a model of the overall landscape development in an area through time.

THE STUDY AREA AND TEST DATA

The spline algorithms are tested on scattered elevation data sampled from a
mountainous area in Norway called Jotunheimen. Jotunheimen is situated in the
centre of South-Norway (Fig. 1). Most of the terrain in Jotunheimen is shaped by
glaciers thousands of years ago. This means that most of the terrain consists of
valleys where the elevation is between 800–1400 meters, steep hillsides and
peaks where the elevation is 2000–2500 meters above sea level. All the highest
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peaks in Norway are in Jotunheimen. The highest is Galdhøpiggen at 2469
meters. The geomorphological processes dominating this area are mainly due to
hydrological, glacial and periclacial processes and mass movement due to debris-
flow, rock falls and avalanches. The data set covers an area of 625 km2 and is
sampled and structured in a regular 250 × 250 grid with 100 meter spacing
(635,000 data points). Note that the algorithms presented in the following also
accept input data that are randomly distributed.

THEORY AND METHODS

1.  Spline surfaces defined on regular grids

A B-spline surface representing a terrain over a rectangular domain Ω in the

plane can be defined by a regular grid of coefficients Φ = φkl k l

m n{ } =,

,

1  overlaid on

Ω. Each coefficient φkl associated with a grid point (k, l), is a real value that must
be determined, e.g. by least squares approximation as outlined in the next section.
We also say that each φkl has a position (xk, yl) in Ω. The coefficient grid is similar
to an ordinary digital elevation model (DEM), but the coefficients of a B-spline
surface are not necessarily points that lie in the terrain surface. More specifically,
a bi-cubic B-spline surface, which is used in our implementation, can be described
by the function,
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Fig. 1.  The location of the test area in Jotunheimen.
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where the sixteen Mqr(s, t) are smooth (piecewise) polynomial basis functions,
and (k + 1, l + 1) is the lower left corner of the grid cell containing (x, y). Moreover,
s = x – xk + 1 and t = y – yl + 1, where (xk+1, yl+1) is the coordinate associated with
the grid point (k + 1, l + 1); see Fig. 2. Thus, the function value f(x, y), or the
altitude of the terrain in position (x, y), depends only on a (4 × 4)-neighbourhood
of coefficients in Φ.

Let us assume without loss of generality that the grid spacing in x and y-
direction is of unit length. Then s and t are in the interval [0, 1). The bi-cubic basis
functions in Eq. (1) are defined as products of univariate cubic polynomials as
follows:

Mqr(s, t) = Bq(s)Br(t),   q, r = 0, 1, 2, 3

where

B0(s) = (1 – s)3/6

B1(s) = (3s3 – 6s2 + 4)/6

B2(s) = (–3s3 + 3s2 + 3s + 1)/6

B3(s) = s3/6

Since B0, B1, B2 and B3 are smooth polynomial functions, Mqr is also smooth, and
the linear combination in Eq. (1) is smooth such that f models the terrain as a
smooth surface.

Fig. 2.  The (4 × 4)-neighbourhood of grid points around a point (x, y).
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B-splines are “standard” for representing curves and surfaces in visualization
and applications such as CAD (Computer Aided Design). A nice guide to B-
splines can be found in Farin (1997).

2.  Spline surfaces from scattered data

Given a set of scattered data P = {(xi, yi, zi), i = 1, ..., N}, we seek a B-spline
surface f that is an approximation to P. Loosely speaking, we say that f approximates
P if f(xi, yi) ≈ zi, i = 1, ..., N. In the following we explore two schemes for
calculating a B-spline surface from a set of scattered data; a CPU extensive global
scheme and a fast local scheme.

2.1  Method of least squares with smoothing
We may choose an approximation to the scattered data in the least squares

sense and seek coefficients Φ = φkl k l

m n{ } =,

,

1  in Eq. (1) such that the function f

minimises the sum of squared errors, i
N
=∑ 1 ( f(xi, yi) – zi)

2. Clearly, if this sum is
small and max(i = 1, ..., N)|f(xi, yi) – zi| is small, then the deviation of f from the points
P is small. In particular, if the sum is zero then f interpolates the data, that is,
f(xi, yi) = zi, i = 1, ..., N.

It can be shown that the equation system that arises from this least squares
problem does not have a unique solution in general (Golitschek and Schumaker,
1990). There are also other reasons why this basic least squares method is not
appropriate. The data may contain noise and outliers in which case the surface
will be attracted towards the outliers and cause anomalies and visual artefacts.
The most common method to deal with lack of uniqueness and noisy data is to
augment the sum of squared errors by one or more smoothing terms. In our
implementation we have chosen an energy term that involves second order partial
derivatives of f such that the functional to be minimised takes the form

F f x y z f f f dxdyi i i
i

N
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where Ω is the rectangular domain where f is defined (the xy-area of the terrain
surface), and α  is a real positive value that determines the degree of smoothness
of the surface f. The smoothing term in Eq. (2) is known as the thin plate spline
energy.

A minimum of F(Φ) occurs where all the partial derivatives ∂F/∂φkl are zero.
This gives rise to an equation system with mn equations in mn unknown
coefficients,

(BTB + αE)Φ = BTz (3)

Here B is a sparse N × (mn) matrix with elements constructed from the positions
{(xi, yi)} of the input points, z = (z1, ..., zN)T, and E is an (mn) × (mn) matrix that
originates from the smoothing term and involves first and second order partial
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derivatives of the basis functions {Mqr}. Note that since we use bi-cubic basis
functions that are twice differentiable, the partial derivatives are well defined
such that divided differences are not required for the smoothing term. The

unknown coefficients Φ = φkl k l

m n{ } =,

,

1  are now interpreted as a vector, Φ = (φ1,1, φ2,1,

..., φm,1, φ1,2, ..., φm,n)T. The interested reader is referred to Golitschek and
Schumaker (1990) and Floater (1998) for more details and hints on implementation.

If the underlying grid of coefficients is large, for example, if m = n = 1000,
then Eq. (3) is a system with one million equations in one million unknowns. This
requires a fast equation solver. Since the system matrix (BTB + αE) is sparse,
symmetric and positive definite, an iterative solver like the conjugate gradient
method would be a natural choice (Hestenes and Stiefel, 1952). But due to an
extremely ill-conditioned system matrix*, we found that even the conjugate
gradient method was far too slow in most cases when Φ was large. We implemented
a scheme based on the full multigrid method (Briggs et al., 2000) to overcome
these numerical challenges. This proved to be extremely fast compared to the
conjugate gradient method. In the current implementation the memory usage
limits the size of the system that can be solved in reasonable time. Note that the
size of the equation system does not depend on number of scattered data points.

2.2  Local methods
There are other methods for calculating a B-spline surface f from a set of

scattered data P that are much faster than that of the (global) least squares method
above. While the least squares method solves a large equation system for finding
the unknown coefficients, there are local schemes that determine each spline
coefficient φkl of Φ locally from only those points of P that are in a neighbourhood
of the grid position (xk, yl) of φkl. In (Lee et al., 1997) they use a local scheme
founded on the following basic idea that we describe by a pseudocode.
Algorithm 1

1. For each point pi = (xi, yi, zi) in P
2. Calculate the contribution from pi to (4 × 4) coefficients of Φ in a

neighbourhood around pi
3. For each coefficient φkl in Φ
4. Compromise between the contributions from the different points in P

where the local neighbourhoods overlap
The reason why a point pi only contributes to a (4 × 4)-neighbourhood of

coefficients is that this is exactly the coefficients that determine the function
value f(xi, yi), where (xi, yi) is the position of pi (see Section 1). Figure 3 shows
two (4 × 4)-neighbourhoods of coefficients associated with two points p1 and p2
where the neighbourhoods overlap. We see that six of the coefficients receive

*An ill-conditioned matrix A is one where the solution to the equation system Ax = b is
sensitive to pertubations in A and b. The consequence is that iterative equation solvers like the
conjugate gradient method will converge very slowly. In our particular problem the convergence rate
also depends heavily on the distribution of the data P = {(xi, yi, zi)}.
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contribution from both p1 and p2. There are many ways of implementing Step 2
and 3 above. Some choices based on minimizing local approximation errors can
be found in Lee et al. (1997) and Hjelle (2001). It is easy to see that the time
complexity of Algorithm 1 is O(N + mn). Thus, it is linear both in the number of
scattered data N and in the number of coefficients mn of the coefficient grid Φ.

Several notes are in order. Regardless of the actual implementation of Step
2 and 4 of the algorithm, the local calculation of a coefficient φkl heavily relies on
the distribution of the scattered data, and in particular on the number of points
with a (4 × 4)-neighbourhood that contain φkl. For example, if the (4 × 4)-
neighbourhood of a point pi does not overlap with other neighbourhoods, then φkl
is calculated from pi only and it would be natural to require exact interpolation of
pi. But, if pi is an outlier, then the surface would get an artificial extreme value
at pi. In particular, suppose that a coefficient φkl does not belong to any (4 × 4)-
neighbourhood of points in P. Then there is no obvious choice of how to
determine φkl, though a value based on the average of all points in P may be used,
or if the zi’s of P are overall small, then zero may be assigned.

If a grid of coefficients Φ0 is suffciently coarse and the points in P are evenly
distributed in the domain, the problems stated above will be less severe since
many points from P contribute to each coefficient in Φ0 and Algorithm 1 produces
a surface f0 that is smooth. On the other hand, the differences zi – f0(xi, yi) at the
data points in P might be unacceptably large when Φ0 is coarse. In the
multiresolution model presented in the sequel, we model the differences {(xi, yi,
zi – f0(xi, yi))} as a new B-spline surface f1 on a finer grid Φ1 that can be added to
f0, and thus obtain a surface f0 + f1 that is more accurate than f0. This is done
repeatedly for finer and finer grids until the desired accuracy is reached by a
sequence f0 + f1 + ··· + fh.

3.  The multiresolution model

The multiresolution model is defined as a sequence of grids over uniform
partitions such that a B-spline surface f representing a terrain is defined as a sum
of B-spline surfaces,

Fig. 3.  Two overlapping (4 × 4)-neighbourhoods of B-spline coefficients for two points p1 and p2.
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f(x, y) = f
0
(x, y) + f

1
(x, y) + ··· + f

h
(x, y) (4)

Each fj on the form of Eq. (1) is defined over a grid Φj for j = 0, ..., h, where each
Φj is uniform, or regular, in the sense that the grid spacing is constant in each
direction (as for a digital elevation model). Moreover, the surfaces fj are defined
at dyadic scales in the sense that they constitute a hierarchy where a grid Φk at a
level k in the hierarchy is obtained by inserting grid lines halfway between the
grid lines of Φk–1 at the previous level (k – 1). Figure 4 shows an example of grids
Φ0, Φ1 and Φ2 at the first three levels of the hierarchy.

A common scheme for calculating the multiresolution model in Eq. (4) from
a set of scattered data P = {(xi, yi, zi)} is as follows. First the coarse grid Φ0 of B-
spline coefficients are calculated from P such that f0, which is defined on Φ0, is
a smooth surface, possibly with low accuracy with respect to P. For example, f0
may be calculated by the equation system in Eq. (3), or f0 may be calculated by
the local scheme in Algorithm 1. Since Φ0 is a coarse grid, f0 possibly leaves large
discrepancies at the data points in P. Let P1 = {(xi, yi, zi

1)} be a new data set, now
with z-values as the deviations between f0 and the data points in P,
zi

1 = zi – f0(xi, yi). The surface f1 in Eq. (4) with coefficients Φ1 is calculated from
P1 and is thus an approximation to the deviations that f0 leaves at the data points.
Since Φ1 is a finer grid than Φ0, the surface g1 = f0 + f1 leaves a smaller deviation
zi – f0(xi, yi) – f1(xi, yi) at each data point and is thus a better approximation to P
than f0 is.

In general, for each level k in the hierarchy, the point set Pk = {(xi, yi, zi
k)}

is approximated by a function fk defined by the coefficient grid Φk, where
zi

k = zi – j
k
=
−∑ 1

1 fj(xi, yi) = zi
k–1 – fk–1(xi, yi), and zi

0 = zi. As more levels are included
in the hierarchy, the approximation errors zi

k of the function gk = f0 + ··· + fk get
smaller and smaller. Finally we get the approximation f = gh in Eq. (4) defined by
the sequence of grids Φj, j = 0, ..., h.

If we keep the representation of f on the form of Eq. (4), we have a level of
detail (LOD) model where, for a given k, we have a surface gk = f0 + ··· + fk at detail
level k. This can also be defined as the smoothing level k since adding a term fk+1
adds details (or high frequencies) to the surface fk and makes it less smooth.
Although the surface gk+1 = f0 + ··· + fk+1 is a better approximation to P than gk,

Fig. 4.  The first three levels, Φ0, Φ1 and Φ2 in the hierarchy of B-spline coefficient grids in the
multiresolution model.
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it is less smooth, and using gk instead gk+1 may be preferred in many cases when
calculating slopes and curvatures in terrain analysis. We will return to this later.
Figures 5(b), (c) and (d) show surfaces of the LOD model at three different levels
of resolution. The surfaces were generated from the contour data shown in Fig.
5(a).

There is another important aspect of the LOD model concerning data
compression. Since the differences zi

k get smaller and smaller with increasing k,
the coefficients of Φk also get smaller. If we assign zero to those coefficients of

Fig. 5.  Contour data of a terrain model in (a), and B-spline surfaces at three different levels of
resolution in (b), (c) and (d).
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Φk that are below a specified small threshold value, this will not change gk or f
much. Moreover, if the local scheme in Algorithm 1 is used, then one may assign
zero to coefficients of Φk that do not belong to any (4 × 4)-neighbourhood of
points in Pk. Thus, the number of zero-coefficients in Φk increases with increasing
k. Instead of storing the Φk’s as full matrices we store only the non-zero
coefficients. The coefficients are stored compactly in linear arrays such that huge
surfaces with, for example, (1 million) × (1 million) grid points at the finest level
can be handled easily.

Evaluating altitude, slope or curvature of a terrain surface represented by Eq.
(4), requires at least h times the CPU time for evaluating a surface in the standard
B-spline format of Eq. (1). Thus, if the LOD capabilities are not needed and if the
finest grid Φh is not too large, then it would be more appropriate to represent the
surface as in Eq. (1) with one single grid of coefficients. There is a feature called
B-spline refinement that transfers a grid Φk to a finer grid Φk+1 such that the B-
spline surface gk+1 defined by Φk+1 represents exactly the same surface as gk
defined by Φk (Cohen et al., 1980). Thus, by successive B-spline refinement the
sum in Eq. (4) can be transferred to one single function on the standard form of
Eq. (1).

Lastly, we mention that even in a multiresolution setting as presented here,
the local scheme in Algorithm 1 may produce surfaces that have bumps and
artefacts near noisy data and outliers. On the other hand, if the data are “clean”
without noise, and if the data are suffciently dense and evenly distributed in the
domain, the results from the local scheme is comparable to the results from the
global least squares scheme. But in general, results from the (slow) least squares
scheme is better than the (fast) local scheme.

4.  Calculation of topographic parameters

B-spline surfaces defined by Eq. (1) are C2-continuous when the basis
functions are bi-cubic as used in our implementation. That is, the first and second
order partial derivatives fx, fy, fxy, fxx, and fyy are continuous and well defined
everywhere where f is defined. These are the only partial derivatives used for
calculating the topographic parameters slope, aspect, profile curvature and plan
curvature (Zevenbergen and Thorne, 1987). For example, the profile curvature at
any point (x, y) in the terrain surface is defined by

cos ,sin cos ,sinθ θ θ θ( )




( )

f f

f f
xx xy

xy yy

T

where the partial derivatives are evaluated in (x, y) and θ is the aspect direction
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Contrary to the discrete approach in Zevenbergen and Thorne (1987) where
a 3 × 3 submatrix of a digital elevation model is used to compute topographic
parameters, we calculate these parameters at any point (x, y) in the terrain directly
from the underlying mathematical definition of the terrain.

RESULTS

1.  The software application

The spline algorithms has been implemented and a software application
developed that was able to read scattered elevation data and create both regular
grid elevation models (DEM) and spline models. The basic spline algorithms
were implemented in a C++ library, while Java 3D was used to build the software
application with 3D visualisation. Java 3D is based on the Open GL library and
uses triangulations for visualising the surface models. The algorithms for
computing the topographic parameters slope, profile curvature and plan curvature

Fig. 6.  (a): The relief surface based on a regular grid (DEM100), (b): the surface slope parameter
overlaying the relief surface, (c): the plan curvature parameter overlaying the relief surface, and
(d): the profile curvature parameter overlaying the relief surface. For the slope model, darker
shade represents steeper areas while for the curvature models, black colour represents convex
areas and white colour represents concave areas.
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were also implemented in Java. The parameters are visualised by overlaying the
parameter grids on the 3D-relief model. The program was used to produce four
different surface models based on the test data set that we denote “DEM100”,
“Level 1”, “Level 2” and “Level 3”. DEM100 is a simple raster model based on
a regular grid representation of the input elevation data, while Level 1–Level 3
represent different levels in the hierarchy of spline surfaces in the multiresolution
spline model. The parameter h in Eq. (4) was 10, 8, and 6 for Level 1, Level 2 and
Level 3 respectively.

Fig. 7.  (a): Relief surface based on a regular grid for the spline models (Level 1–Level 3), and (b):
the surface slope parameter overlaying the relief surface. For the slope model, darker shade
represents steeper areas.
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2.  Calculated surface models and elevation statistics

Figure 6(a) shows the resulting elevation model from the Jotunheimen area
where the data is represented in a regular grid structure (DEM100), while Figs.
6(b)–(d) show the respective derived topographic parameters slope, plan curvature
and profile curvature. Figure 7(a) presents the surface relief and the surface slope
of Level 1 to Level 3, while the plan curvature and profile curvature are presented
in Figs. 8(a) and (b). Table 1 shows the general elevation statistics of the four
surface models.

Fig. 8.  (a): The plan curvature parameter overlaying the relief surface for Level 1–Level 3, and (d):
the profile curvature parameter overlaying the relief surface. For the curvature models black
colour represents convex areas while white colour represents concave areas.
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Upon only a visual inspection of the surface relief models in Figs. 6(a) and
7(a), it seems that DEM100 better models the detailed relief including small-scale
features of the landscape, and thus, it better visualises the alpine characteristics
of the study area. Only minor differences exist between Level 1 and Level 2 in the
surface relief model, while a greater difference can be observed between Level
2 and Level 3. This is reflected in elevation statistics calculated for each surface
model (Table 1). The difference in the range value between Level 1 and Level 2
is 17 m, while the difference is 275 m between Level 2 and Level 3. The statistics
reflect the overall smoothing of the land surface when reducing the h-parameter.
Both the mean value and the range are reduced for Level 1–Level 3. An interesting
observation is the constant value of the mean for the different surfaces. This
indicates a more scale independent measure than the other statistical measures.
From the slope surfaces in Fig. 7(b) most of the gradient values are below 30
degrees. With increasing smoothness the gradient is reduced. For Level 3 no
gradient values exist above 10 degrees.

3.  General relief properties and roughness

The term relief is usually used to describe the vertical dimension or amplitude
of topography, while roughness refers to the irregularity of a topographic surface
(Mark, 1975). According to Evans (1972), the standard deviation of elevation
provides one of the most stable measures of the vertical variability of a topographic
surface. From Table 1, both Level 1 and Level 2 show a higher standard deviation
value than DEM100, and hence a surface with more relief. A second relief
measure is the elevation-relief ratio E (Wood and Snell, 1960), where

E = −
−

elevation mean elevation min

elevation max elevation min

A higher E-value indicates a smoother surface. Thus, the lower value calculated
for DEM100 (0.51) than for Level 1 (0.52) and Level 2 (0.52), indicates a more
rugged surface for DEM100.

Table 1.  Calculated elevation statistics from the frequency distribution of elevation for the four
surface models. The last column is the elevation-relief ratio E (Wood and Snell, 1960), a measure
of the local relief, or vertical dispersion of elevation.
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DISCUSSION

1.  The general topographic characteristics of the surface models

The more realistic looking model provided by DEM100 (Fig. 6(a)) compared
to the smoother spline models (Fig. 7(a)), can be explained by the general nature
of B-splines. DEM100 is defined by a regular grid of input points while the spline
models (Level 1–3) are smooth piecewise polynomial functions Eq. (1). This
results in a model that flattens out the small-scale topographic irregularities of the
surface. Also, a decrease of h from Level 1 to Level 3 is reflected by a surface
including less detailed terrain information and emphasising landforms of larger
scale. This smoothing effect can also be observed in Table 1 where the range of
elevation decreases from Level 1 to Level 3.

2.  Differences in the relief measures

The results showed differences between the DEM100 model and the spline
models concerning the two relief measures, standard deviation of elevation and
elevation-relief ratio (E). Based on the standard deviation measure, the spline
surfaces Level 1 and Level 2 obtained higher values than DEM100 indicating a
surface with more relief. This is surprising after the visual interpretation of the
two models since DEM100 seems much less smooth then Level 1 and Level 2.
However, E indicates that DEM100 has more local relief than Level 1 and Level
2, and this is more in accordance with our visual interpretation. The explanation
may be that the standard deviation is more a measure of large-scale relief. This
is more dependent on the domination of larger landforms emphasised by the
spline algorithm, while the elevation-relief ratio shows the local relief that is
better adopted with this measure.

3.  Plan curvature versus profile curvature

Interesting differences can be observed when comparing the surface models
with plan curvature and profile curvature in Figs. 8(a) and (b). For Level 1 in Fig.
8, the plan curvature identifies better topographic features located at the slopes,
like talus cones and talus scars. These are landforms produced by the events of
slope processes like debris flow, rock falls and avalanches. Such landforms have
certain space scale characteristics and can therefore only be identified in a surface
model of higher resolution. The same pattern can, however, be observed for Level
3 in Fig. 8(a), but this pattern probably indicates the presence of a different type
of landform; a landform of larger scale, e.g., a glacier cirque or a hanging valley.
When decreasing resolution and thus increasing smoothness, the profile curvature
(Level 3) shows landforms at a larger scale like large U-shaped valley systems
and rolling hills and ridges. That is, by decreasing the resolution of the spline
model, the resulting surface model and calculated topographic parameters can be
used to identify and emphasise landforms at a larger and broader scale. Landforms
at this scale may be difficult to identify in surface models at higher resolution
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since their interpretation is easily disturbed by small-scale landforms (DEM100
or Level 1).

4.  Multiresolution terrain models in a time-space perspective

By relating time to the sequence of continuous levels in a multiresolution
terrain model, these levels can be looked upon as time slices modelling the
topography at different time periods during landscape development. A level with
low resolution and less accuracy may model a period when the landscape was
characterised as a flat, smooth and undulating surface dominated by relatively
large landforms. A level with higher resolution with more details picked up from
the underlying input data may represent a younger period after erosional and
denudating forces have dominated and dissected the landscape. Connecting time
to the different levels may result in two different development scenarios. 1) Level
1 represents a younger and more dissected landscape than Level 2 and Level 3.
2) Level 1 is the oldest, and due to erosion processes and mass transportation, the
surface is levelled out and has become smoother as represented by Level 2 and
Level 3. Due to the general lowering of the relief by the approximation properties
of splines, the latter scenario may be the most appropriate. More investigation of
the different process-form relationships and the properties of the spline algorithms
are needed to verify this.

CONCLUSIONS

A multiresolution spline model has been presented and its implementation
has been tested on elevation data from a mountainous area. The multiresolution
model provides a fast and efficient tool for both visual inspection and quantitative
analysis of surface topography and associated topographic properties. The
combination of Java 3D for visualisation and the C++ spline library made it easy
to develop a powerful application for moving around in a 3D landscape and
visualise the different topographic properties on the relief model. The smoothing
effect of splines may be both positive and negative. It may remove noise and
errors in the input data, but can also remove irregularities caused by real small-
scale landforms in the landscape. A large potential exists in using multiresolution
terrain models as a tool in geomorphology and quantitative terrain analysis to
increase insight into the complexity of landscapes and landscape development
processes. However, further research is needed to explore the strengths and
weaknesses of the different modelling approaches and how their results can be
linked to observations of the behaviour of real world processes and phenomena
at different scales.
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