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element basis functions and their derivatives at any particular point. In particular,
FIAT provides simplicial H (div) element spaces such as the families of Raviart and
Thomas [34], Brezzi, Douglas, and Mami [10], and Brezzi et al. [9], as well a#d (curl)
elements of the N8délec types [29, 30].

Previous iterations of FFC have enabled easy use dfi ! and L? conforming “-
nite element spaces, including discontinuous Galerkin formulations, but support for
H (div) and H (curl) spaces has been absent. Intis paper, we extend the previous
work [20, 21, 31] to allow simple and e cient compilation of variational forms on
H (div) and H (curl), including mixed formulations on combinations of H!, H (div),

H (curl), and L2. The e ciency of the proposed approach relies, in part, on the tensor
representation framework established in [21]. In this framework, the element tensor
is represented as the contraction of a refence tensor and a geometry tensor. The
former can be e ciently precomputed given automated tabulation of “nite element
basis functions on a reference element, while the latter depends on the geometry of
each physical element. For this strategy, a key aspect of the assembly & (div)
and H (curl) conforming elemert spaces becomes the Piola transformations, isomor-
phically mapping basis functions from a reference element to each physical element.
Also, the orientation of geometrical entities such as facet tangents and normals must
be carefully considered.

Implementations of H (div) and H (curl) “nite element spaces, in particular of
arbitrary degree, are not prevalent. There are, to our knowledge, no implementations
that utilize the compiled approach to combine the e ciency of low-level optimized
code with a fully automated high-level interface. Some “nite element packages, such
as FEAP [1], do not provide H (div) or H(curl) type elements at all. Others, such
as FreeFEM [33], typically provide only low-order elements such as the lowest-order
Raviart...Thomas elements. Some libraries such as deal.ll [8] or FEMSTER [12] do
provide arbitrary degree elements of Raviart...Thomas and @tielec type, but do not
automate the evaluation of variational forms. NGSolve [36] provides arbitrary order
H (div) and H (curl) elements along with automated assembly, but only for a prede-
“ned set of bilinear forms.

This exposition and the FFC implementation consider the assembly of (div) and
H (curl) “nite element spaces on simplicial meshes. However, the underlying strategy
is extendible to nonsimplicial meshes and tensor-product “nite element spaces de“ned
on such meshes. A starting point for an extension to isoparametridd ! conforming
“nite elements was discussed in [20]. The further extensions téd (div) and H (curl)
follow the same lines as for the simplicial case discussed in this note.

The outline of this paper is as follows. We begin by reviewing basic aspects of the
function spacesH (div) and H (curl) in section 2, and we provide examples of varia-
tional forms de“ned on these spaces. We cdimue, in section 3, by summarizing the
H (div) and H (curl) conforming “nite elements implemented by FIAT. In section 4,
we recap the multilinear form framework of FFC and we present an extension of the
representation theorem from [21]. Subsequently, in section 5, we provide some notes
on the assembly ofH (div) and H (curl) elements. Particular emphasis is placed on
aspects not easily found in the standard liteature, such as the choice of orientation
of geometric entities. In section 6, we retirn to the examples introduced in section 2
and illustrate the ease and terseness with which even complicated mixed “nite element
formulations may be expressed in the FFC form language. Convergence rates in agree-
ment with theoretically predicted results are presented to substantiate the veracity of
the implementation. Finally, we make some concluding remarks in section 7.
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2. H(div) and H(curl). In this section, we summarize some basic facts about
the Sobolev spacedH (div) and H(curl) and we discuss conforming “nite element
spaces associated with them. Our primary foas is on properties relating to interele-
ment continuity and change of variables. The reader is referred to the monographs [11]
and [28] for a more thorough analysis oH (div) and H (curl), respectively.

2.1. Definitions. For an open domain C R"®, we let L?( ,R") denote the
space of square-integrable vector “elds on with the associated norm|-||o and inner-
product (-, -), and we abbreviateL?() = L?( ,R!). We de“ne the following standard
di erential operators on smooth “elds v.: D®v = 21... 2=y for a multi-index  of
length m, divv = " v, curlv=( ,,V3— 4.Vo, 5oVi— 4V3, Vo — a,V1),
and rotv = ,,vo — ,,vi. We may then de“ne the spacesH ™(), H(div; ), and
H (curl; ) by

H™()= {vel?): D%ecl?),||<m}, m=1,2...,
Hdiv; )= {vel? ,R"):divvel?) },

N {vel? ,R¥):rotvel?() }, C R?,
H (curl; ) = { {vel?( ,R%®: curlvel? ,R%}, C R?,

with derivatives taken in the distributional sense. The reference to the domain
will be omitted when appropriate, and the associated norms will be denoted| - ||,
[| - laiv, @nd || - ||cur1- Furthermore, we let M denote the space of matrices and
we let H (div; ,M) denote the space of square-integrable matrix “elds with square-
integrable row-wise divergence.

For the sake of compact notation, we shall also adopt the exterior calculus nota-
tion of [5] and let *() denote the space of smooth di erential k-forms on , and let
L2 k() denote the space of square-integrable di erential k-forms on . We further
let d denote the exterior derivative with adjoint , and we de‘neH *() = {v €
L2 *() ,dv € L% *() ). Further, P, *isthe space of polynomiak-forms of up to
andincluding degreer, and P~ * denotes the reduced space as de“ned in [5, section 3.3].

2.2. Examples. The function spacesH (div) and H (curl) are the natural func-
tion spaces for an extensive range of partial di erential equations, in particular in
mixed formulations. We sketch some examples in the following, both for motivational
purposes and for later reference. The examples considered here are mixed formulations
of the Hodge Laplace equations, the standard eigenvalue problem for Maxwelles equa-
tions, and a mixed formulation for linear elasticity with weakly imposed symmetry.
We return to these examples in section 6.

Ezample 2.1 (mixed formulation of Poissones equation. The most immediate
example involving the spaceH (div) is a mixed formulation of Poissones equation:
— u=fin C R" By introducing the "ux = —gradu and assuming Dirichlet
boundary conditions for u, we obtain the following mixed variational problem: Find

€ H(div; ) and u € L?() satisfying

(2.1) (, )=A(div ,u)+ (v,div )= (v,f)

forall € H(div; )and v e L2().

Ezample 2.2 (the Hodge Laplacian). With more generality, we may consider weak
formulations of the Hodge Laplacian equation (d + d)u=f on adomain C R";
see [5, section 7]. For simplicity of presentation, we assume that is contractible such
that the space of harmonic forms on vanishes. The formulation in Example 2.1 is
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the equivalent of seekingu ¢ H "and = u € H ™! for n = 2,3 with natural
boundary conditions (the appropriate trace being zero). To see this, we test = u
against ¢ H "!andwetest(d + d)u=f againstvcH ™ to obtain

(v )=(u)+{vd )= (v.f),
noting that du=0 for u e H ™. Integrating by parts, we obtain
(2.2) (, Y)=(d u)+{v,d )= (v,f).

We may restate (2.2) in the form (2.1) by making the identi“cations u = —gradu,
d =div ,andd =div . If C R3 we may also consider the following mixed
formulations of the Hodge Laplace equation.

() Find €H !'=H(curl)and ucH 2= H(div) such that

(2.3) (, )—Acurl ;u)+ (v,curl )+ (divv,divu) = (v,f)

forall eH ',veH 2
(i) Find €H °=H'anduecH !'= H(curl) such that

(2.4) (, y—{(grad ,u)+ (v,grad )+ (curlv,curlu) = (v,f)

foral €¢H %veH L
Ezample 2.3 (cavity resonator). The time-harmonic Maxwell equations in a
cavity with perfectly conducting boundary induces the following eigenvalue problem:
Find resonances € R and eigenfunctionsE € H(curl; ), satisfying

(2.5) (curlF,curlE) = 2(F,E) VF €Hy(curl;) ,

whereHg(curl; )= {v e H(curl; ) | vxn|sg =0}. Note that the formulation (2.5)
disregards the original divergenceree constraint for the electric “eld E and thus
includes the entire kernel of the curl operator, corresponding to = 0 and electric
“elds of the form E = grad

Ezample 2.4 (elasticity with weakly imposed symmetry). Navierss equations for
linear elasticity can be reformulated using the stress tensor , the displacementu,
and an additional Lagrange multiplier  corresponding to the symmetry of the stress
constraint. The weak equations for c R?, with the natural * boundary condition
ulao = 0, take the following form: Given f € L2?( ,R"), “nd € H(div; ,M),
uecl?( ,R"),and < L2() such that

(2.6) (,A Y+ ({div ,u)+ {v,div )+ (skw, )+ (, skw )= (v,f)

forall < H(div; ,M), veL? ,R?),and € L2(). Here, A is the compliance
tensor, and skw is the scalar representation of he skew-symmetric component of ;
more precisely, 2skw = 57— 15. This formulation has the advantage of being robust
with regard to nearly incompressible materials and it provides an alternative founda-
tion for complex materials with nonlocal stress-strain relations. For more details, we
refer the reader to [6].

INote that the natural boundary condition in this mixed formulation is a Dirichlet condi-
tion, whereas for standard H1 formulations the natural boundary condition would be a Neumann
condition.
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2.3. Continuity-preserving mappings for H(div) and H(curl). At this
point, we turn our attention to a few results on continuity-preserving mappings for
H (div) and H (curl). The results are classical and we refer the reader to [11, 28] for
a more thorough treatment.

First, it follows from Stokese theorem that in order for piecewiseH (div) vector
“elds to be in H(div) globally, the traces of the normal components over patch in-
terfaces must be continuous, and analogously tangential continuity is required for
piecewiseH (curl) “elds. More precisely, we have the following: Let7, = {K} be a
partition of into subdomains. De“ne the space ; of piecewiseH (div) functions
relative to this partition 7j:

(2.7) n={ e€L? ,R"): |geHdiv;K)VK €T}

Then € 4 isin H(div; ) if and only if the normal traces of are continuous
across all element interfaces. Analogously, if |x € H (curl; K) for all K € 7, then
€ H(curl; ) if and only if the tangential traces are continuous across all element
interfaces.
Second, we turn to consider a nondegenerate mapping : o — F( o) = with
JacobianDF (X), X € o CR" For € H™( o), the mapping F de“ned by

(2.8) F()= oF~!

is an isomorphism fromH ™( ) to H™(). This, however, is not the case for H (div)
or H (curl), since F does not in general preserve coimuity of normal or tangential
traces. Instead, one must consider the contravariant and covariant Piola mappings
which preserve normal and tangetial continuity, respectively.

DEFINITION 2.5 (the contravariant and covariant Piola mappings). Let o C R",
let F be a mondegenerate mapping from o onto F( o) =  with 3 = DF (X), and
let €L?( o,R").

The contravariant Piola mapping FIY is defined by

. 1
div — —1
(2.9) FO= o) °F

The covariant Piola mapping FU! is defined by
(2.10) FUl()= 37T oF L

Remark 2.6. We remark that the contravariant Piola mapping is usually de*ned
with an absolute value, F4v() = \deltJ|J o F~1. However, omitting the absolute
value, as in (2.9), can simplify the assembly oH (div) elements, as will be expounded
in section 5.

The contravariant Piola mapping is an isomorphism ofH (div; ) onto H (div; ),
and the covariant Piola mapping is an isomorphism ofH (curl; () onto H (curl; ). In
particular, the contravariant Piola mapping preserves normal traces, and the covari-
ant Piola mapping preserves tangential traces. We illustrate this below in the case
of simplicial meshes in two and three space dimensions (triangles and tetrahedra).
The same results hold for nonsimplicial meshes with cell-varying Jacobians, such as
quadrilateral meshes [4, 11].

Ezample 2.7 (Piola mapping on triangles in R?). Let K, be a triangle with
verticesX “ and edgesE ¢ fori = 1,2, 3. We de“ne the unit tangents by T* = E?/ ||[E?||.
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We further de“ne the unit normals by N? = RT?, where

_ (0 1
(2.11) R= (_1 0)

is the clockwise rotation matrix.

Now, assume thatK, is a nely mapped to a (nondegenerate) simplex K with
vertices x!. The ane mapping Fx : Ko — K takes the formx = Fx(X)= JX + b
and satis“esx® = Fx(X?) for i =1,2,3. It follows that edges are mapped by

e=x'—x¥=J(X"-X%)=JE.
Similarly, normals are mapped by
lle]ln = Re= RJE = (det J)J TRE = (det J)J~T||E||N,

where we have used that, ; ;RIR? = J~7 and thus RJ = (det J)J "R for J €
RQXQ_

The relation between the mappings of tangents and normals (or edges and rotated
edges) may be summarized in the following commuting diagrams:

J

T UEWe, E— e

(2.12) r| | | [»
_ € -

(et DI TUBIN el IEIN 2220 e

With this in mind, we may study the e ect of the Piola transforms on normal
and tangential traces. Let € C>®(K,,R™) andlet = F4V(). Then

llell () -n = [[e]| ((detd)™13 ( X))" ((detI)I~T|[E||/ [|e]|N) = [[E]| ( X)-N.

Thus, the contravariant Piola mapping preserves normal traces for vector “elds under

a ne mappings, up to edge lengths. In general, the same result holds for smooth,

nondegenerate mappings-x if the Jacobian DF (X)) is invertible for all X € K.
Similarly, let = Fewl(). Then

(2.13) el (0t = [lell (377 ( X)) IEI/ [lell) = [IE[[ ( X)-T.

Thus, the covariant Piola preserves tangential traces for vector “elds, again up to edge
lengths. Observe that the same result holds for tetrahedra without any modi“cations.
The e ect of the contravariant and covariant Piola mappings on normal and tangential
traces is illustrated in Figure 2.1, where||E|| = ||e|| for simplicity.

Ezample 2.8 (contravariant Piola mapping on tetrahedra in R3). Now, let K be
a tetrahedron. As explained above, the covariant Piola mapping preserves tangential
traces. To study the e ect of the contravariant Piola mapping on normal traces, we
de“ne the face normals ofk by N = | 7.7 . Then

' x &¥|n=JE* x JEJ =det JJ "T(E! x EY) = ||E? x E7||detJJ ~TN,

since Ju) x (Jv) =det JJT(u xv). Let € C®(Ky,R?) and let = Fdiv(),
Then, it follows that

e x /]| (x)-n=[[EFx E7|| ( X)-N.
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J—_'div

(0=0,1), 0=@,1

0=

F1c. 2.1. Mapping two vector fields ®,, and ®; between two triangles using the contravariant
and covariant Piola mappings. The contravariant Piola mapping (above) preserves normal traces
of vector fields, and the covariant Piola mapping (below) preserves tangential traces of vector fields.
This means in particular that the contravariant Piola mapping maps tangents to tangents (which
have a zero normal component), and that the covariant Piola mapping maps normals to normals
(which have a zero tangential component). Note that this is somewhat counterintuitive; the con-
travariant H (div) Piola mapping always maps tangential fields to tangential fields but does not in
general map normal fields to normal fields. However, in both cases the normal component (being
zero and one, respectively) is preserved.

Thus, the contravariant Piola mapping preserves normal traces, up to the area of
faces.

We “nally remark that if J € R?*2 de“nes a conformal, orientation-preserving
map, the contravariant and covariant Piola mappings coincide. InR3, J must also be
orthogonal for this to occur.

3. H(div) and H(curl) conforming finite elements. To construct H (div)
and H (curl) conforming “nite element spaces, that is, discrete spaced/, satisfying
V;, € H(div) or V, C H(curl), one may patch together local function spaces (“nite
elements) and make an appropriate matcing of degrees of freedom over shared ele-
ment facets. Here, a facet denominates any genetric entity of positive codimension
in the mesh (such as an edge of a triangle or an edge or face of a tetrahedron). In
particular, one requires that degrees of freedom corresponding to normal traces match
for H (div) conforming discretizations and that tangential traces match for H (curl)
conforming discretizations.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ASSEMBLY OF H (div) AND H (curl) FINITE ELEMENTS 4137

Several families of “nite element spaces with degrees of freedom chosen to facilitate
this exist. For H(div) on simplicial tessellations in two dimensions, the classical
conforming families are those of Raviart and Thomas (RT.,, r = 0,1,2,...) [34];
Brezzi, Douglas, and Marini (BDM,,, r = 1,2,...) [10]; and Brezzi et al. (BDFM,.,
r=1,2...)[9]. The former two families were extended to three dimensions by
Nedélec [29, 30]. However, the same notation will be used for the two- and three-
dimensionalH (div) element spaces here. FoH (curl), there are the families of Nedélec
of the “rst kind (NED ., r = 0,1,2,...) [29] and of the second kind (NEC}, r =
1,2,...) [30]. We summarize in Table 3.1 thoseH (div) and H (curl) conforming “nite
elements that are supported by FIAT and hence by FFC. In general, FFC can wield
any “nite element space that may be genera¢d from a local basis through either of the
aforedescribed mappings. In Table 3.2, we also summarize some basic approximation
properties of these elements for later comparison with numerical results in section 6.

TABLE 3.1
H (div) and H (curl) conforming finite elements on triangles and tetrahedra supported by FIAT
and FFC for r > 1. When applicable, the elements are listed with their exterior calculus no-
tation, along with their original references. Note that for K C R3, the Raviart-Thomas and
Brezzi-Douglas—Marini elements are also known as the first and second kind H (div) Nédélec (face)
elements, respectively.

Simplex H (div) H (curl)
BDM,. PrAL(K) [10]
K C R2 RT,_1 PrALK) [34] NED!_, —
BDFM, — [l
BDM,. PrAZ(K) [30]
K CR® RT,_1 PrA2(K)  [29] NED! , PrANK)  [29]
BDFM,. —
TABLE 3.2

Approxzimation properties of the spaces from Table 3.1. C> 0,r >1,1<m <r. Iy denotes
the canonical interpolation operator, defined by the degrees of freedom, onto the element space in
question. For simplicity, it is assumed that Vv is sufficiently smooth for the interpolation operators
to be well-defined, and for the given norms to be bounded. For more details and sharper estimates;

of. [11, 28].

Finite element  Interpolation estimates

PrNF(Q) [[v — Mpvllo < Ch™* V| [me1, [V = NpV|ldiv,eunt < Ch™[|V][m+1
PrAF(Q) [[v = Mpv[lo < Ch™||V|[m, [V = MpVldiv,curt < Ch™|V][m+1
BDFM, [lv — [pvilo < Ch™||V|[m, [lv — MpVlldiv < Ch™[|V||m+1

For the reasons above, it is common to de“ne the degrees of freedom for each
of the elements in Table 3.1 as moments of either normal or tangential traces over
element facets. However, one may alternately consider point values of traces at
suitable points on element facets (in addiion to any internal degrees of freedom).
Thus, the degrees of freedom for the lowest order Raviart...Thomas space on a triangle
may be chosen as the normal components at the edge midpoints, and for the lowest
order Brezzi...Douglas...Marini space, weyr@onsider the normal components at two
points on each edge (positioned symmetrically on each edge and not touching the
vertices). This, along with the appropriate scaling by edge length, is how the degrees
of freedom are implemented in FIAT.
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4. Representation of H(div) and H (curl) variational forms. In this sec-
tion, we discuss how multilinear forms onH (div) or H (curl) may be represented as
a particular tensor contraction, allowing for precomputation of integrals on a refer-
ence element and thus e cient assembly oflinear systems. We follow the notation
from [20, 21] and extend the representation theorem from [21] for multilinear forms
onH! and L2 to H(div) and H (curl). The main new component is that we must use
the appropriate Piola mapping to map basis functions from the reference element.

4.1. Multilinear forms and their representation. Let C R" and let
{V/}/~, be a set of “nite dimensional spaces associated with a tessellatiof = {K }
of . We consider the following canonical linear variational problem: Find uj € V;?
such that

(4.1) a(v,up) = L(v) Wev,,

wherea and L are bilinear and linear forms onV,! x V2 and V,!, respectively. Dis-
cretizing (4.1), one obtains a linear systemAU = b for the degrees of freedonJ of
the discrete solution uy,.

In general, we shall be concerned with the discretization of a general multilinear
form of arity

(4.2) a V) xVZx--xV/ =R

Typically, the arityis = 1 (linear forms) or = 2 (bilinear forms), but forms of higher
arity also appear (see [20]). For illustration purposes, we consider the discretization
of the mixed Poisson problem (2.1) in the following example.

Ezample 4.1 (discrete mixed Poisson. Let , and W}, be discrete spaces approx-
imating H (div; ) and L2(), respectively. We may then w rite (2.1) in the canonical
form (4.1) by de“ning

(4.3a) a(( noVa), ( noun)) = (o on) = {diV gy up) + (Vg div ),
(4.3b) L(( V)= (v, f)

fOI‘(h,Vh)EVhl: thhand(h,uh)th:Vhl.
To discretize the multilinear form (4.2), we let { i}géi denote a basis forv;/ for

j =1,2,..., and we de“ne the global tensor
— 1 2
(4.4) Ai=al i, e fp ,
wherei = (iq,i2,...,i,) is a multi-index. Throughout, j,k denote simple indices. If
the multilinear form is de“ned as an integral over = UgeT, K, the tensor A may be

computed by assembling the contributions from all elements,

(4.5) Ai=al f, L. 0)= > a( g, L

i1 42? L P i1 42? L P
KeTn

wherea’ denotes the contribution from elementK . We further let { 17}, denote
the local “nite element basis forV;/ on K and de“ne the element tensor A% by

(4.6) Al =a( Bt B ).
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The assembly of the global tensorA thus reduces to the computation of the element
tensor A% on each elementK and the insertion of the entries of AX into the global
tensor A.

In [21], it was shown that if the local basis on each elemenK may be obtained as
the image of a basis on areference element K by the standard (a ne) isomorphism
Fr : HY(K() — H(K), then the element tensorA% may be represented as a tensor
contraction of a reference tensor A°, depending only on the forma and the refer-
ence basis, and ajeometry tensor Gg, depending on the geometry of the particular
elementK,

(4.7) A = AY G%,

with summation over the multi-index . It was further demonstrated in [21] that
this representation may signi“‘cantly reduce the operation count for computing the
element tensor compared to standard evalation schemes based on quadrature.

Below, we extend the representation (4.7) to hold not only for bases that may be
a nely mapped from a reference element, but also for “nite element spaces that must
be transformed by a Piola mapping.

4.2. A representation theorem. We now state the general representation the-
orem for multilinear forms on H!, H (curl), H (div) (and L2). Instead of working out
the details of the proof here, we refer the reader to the proof presented in [21] fd4 !,
and we illustrate the main points for H (div) and H (curl) by a series of examples.

THEOREM 4.2. Let Ko C R™ be a reference element and let F : Ko — K =
Frx(Ko) be a nondegenerate, affine mapping with Jacobian Ji. Forj =1,2,..., , let
{ fj}k denote a basis on K generated from a reference basis { 7} on Ko, that is,

?’j = .7-';( fc), where .7-';( is either of the mappings defined by (2.8), (2.9), or (2.10).

Then there exists a reference tensor AY, independent of K , and a geometry tensor

Gx such that AX = AV : Gy, that is,

(4.8) A= > "A)LGL VieT
acA

for a set of primary indices Z and secondary indicesA. In fact, the reference tensor
A0 takes the following canonical form:

. 0 — G J . ax:;
(4.9) AL, Z/KOIJIDX /(1 dX

that is, it is the sum of integrals of products of basis function components and their
derivatives on the reference element Ko, and the geometry tensor Gy is the outer
product of the coefficients €.y of any weight functions with a tensor that depends only
on the Jacobian J g,

| detJ x| X X ()
4.10 G% = C. ,
(4.10) =11 ()(detJK)'VZH x(,)HX(,)
for some integer

4.3. Examples. To this end, we start by considering the vector-valuedL ()
inner product, de“ning a bilinear form:

(4.12) a(v,u) = /v-udx.
Q
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In the following, we let x denote coordinates onK and we let X denote coordi-
nates on the reference elemenkK ,. Fx is an a ne mapping from K, to K, that is,
X = Fg(X) = JgX + xx. We further let ¥ denote a “eld on K obtained as the
image of a “eld on the reference elementk,, * = J—'}Q(). We aim to illustrate
the di erences and similarities of the representations of the mass matrix for di erent
choices of mappingsF, in particular, a ne, contravariant Piola, and covariant Piola.
Ezample 4.3 (the mass matrix with a nely mapped basis ). Let Fx be the a ne

mapping, Fx() = o Flgl. Then, the element matrix AX for (4.11) is given by

(4.12) AzK:/ ) - () dx = |detk| L0 1X) L1 1) dX,
K Ko
where we use [ ]to denote component of the vector-valued function and implicit

summation over the index . We may thus represent the element matrix as the tensor
contraction (4.7) with reference and geometry tensors given by

0 1 2 q
A /K LLIK) AL 104 dX,
GX = |detJg].

We proceed to examine the representatin of the mass matrix when the basis
functions are transformed with the contravariant and the covariant Piola transforms.

Ezample 4.4 (the mass matrix with contravariantly mapped basis). Let F&Y be
the contravariant Piola mapping,

1
J F-L
detJK K °FK

Then, the element matrix AX for (4.11) is given by
AK = /K ) - B dx

|detdg| X g XB/K LT1X) 2 o](X) dX.

Fv() =

T (detIg)? X ay X o

We may thus represent the element matrix as the tensor contraction (4.7) with refer-
ence and geometry tensors given by

A, = /K LX) 2L 20 dX,

K _ |detJK| Xg Xg
@7 (detIg)? X gy X o

Ezample 4.5 (the mass matrix with covariantly mapped basis). Let F&! be the
covariant Piola mapping,

]:Ic(url(): JI_(T oF};l'

Then, the element tensor (matrix) A¥ for (4.11) is given by
Af= [ K00 Eoa

_ X [e%1 Xaz/ 1 2
= |detJk]| Ko dxy S (X)) 51 20(X) dX.
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We may thus represent the element matrix as the tensor contraction (4.7) with refer-
ence and geometry tensors given by

A= [ LX) ALOEX,
Ko
G(I;: |detJK| X o X a2
Xp Xp

We observe that the representation of the mass matrix di ers for a ne, con-
travariant Piola, and covariant Piola. In particular, the geometry tensor is di erent
for each mapping, and the reference tensor has rank two for the a ne mapping,
but rank four for the Piola mappings. We also note that the reference tensor for
the mass matrix in the case of the covariant Piola mapping transforms in the same
way as the reference tensor for the sti ness matrix in the case of an a ne mapping
(see [21)).

It is important to consider the storage requirements for this tensor contraction
approach and when other approaches might be appropriate. For either theH (div)
or H(curl) mass matrix, for example, the reference tensorA® has rank four (two
indices for vector components and two for basis functions). As such, the storage
requirements for A° are d?n?, whered = 2,3 is the spatial dimension andn is the
number of reference element basis functions. We also note that = O(r?), where r
is the polynomial degree. StoringA° is thus comparable to storingd? element mass
matrices. This is a modest, “xed amount of storage, independent of the mesh. The
tensor contraction may be computed in seeral di erent ways. The default option
used by FFC is to generate straightline code for performing the contraction ofA°
and GX. Alternatively, one may also considerA° being stored in memory as an array
and applied via BLAS. In the “rst case, the size of generated code can become a
problem for complex forms or high-order methods, although this is not as large of a
problem in the second case. The geometry tensoG*, must be computed for each
element of the mesh. For either the ontravariant or covariant case, G¥ is ad x d
array and so is comparable to storing the cell Jacobian for each cell of the mesh.
For more complicated forms, storing G* for each cell can become more expensive.
However, FFC currently stores only one suchG¥ at a time, interleaving construction
of GX and its multiplication by A°. For more complicated bilinear forms (such as
ones involving multiple material coe cients), the memory requirements of A° and
GX both grow with the polynomial degree, which can lead to ine ciency relative to a
more traditional, quadrature-based approach. For a thorough study addressing some
of these issues, we refer the reader to [32].

FFC is typically used to form a global sparse matrix, but for high-degree ele-
ments, static condensation or matrix-free approaches will be more appropriate. This
is a result of the large number of internd degrees of freedom being stored in the
sparse matrix and is an artifact of assembling a global matrix rather than our tensor
contraction formulation as such.

We conclude by demonstrating how the divergence term from (4.3) is transformed
with the contravariant Piola (being the relevant mapping for H (div)).

Ezample 4.6 (divergence term). Let F be the ane mapping, let F&v be the
contravariant Piola mapping, and consider the bilinear form

(4.13) a(v, )= / v div  dx
K
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for (v, ) € VI x V2 Then, if £!= Fr( Y and %2 = Fiv( 2), the element
matrix AX for (4.13) is given by

K, . i _ |detJK| X X o 12 1]
Af:/ K1y K2 dx = g e [ il gy
K Ko

detdg X o X3 X as
. owg 0Xay _ . . .
Noting that dry = o1ap, WE MAY simplify to obtain
@1
detJ b .
K - | & ! | 1]dX:j:/ Ldiv 2 dX.
detJK KO X a1 KO

We may thus represent the element matrix as the tensor contraction (4.7) with refer-
ence and geometry tensors given by

A?:/K Ldiv 2 dX,
o]

G, = £1L

°x

The simpli“cation in the “nal example is a result of the isomorphism, induced
by the contravariant Piola transform, between H (div, K () and H (div, K ). FFC takes
special care of such and similar simpli“cations.

5. Assembling H(div) and H(curl) elements. To guarantee global conti-
nuity with Piola-mapped elements, special care has to be taken with regard to the
numbering and orientation of geometric entties, in particular the interplay between
local and global orientation. This is well known, but is rarely discussed in the stan-
dard references, though some details may be found in [28, 35]. We discuss here some
of these issues and give a strategy for dealing with directions of normals and tan-
gents that simpli“es assembly overH (div) and H(curl). In fact, we demonstrate
that one may completely remove the need for contending with directions by using an
appropriate numbering scheme for the simplicial mesh.

5.1. Numbering scheme. The numbering and orientation of geometric entities
in FFC follows the UFC speci“cation [3]. In short, the numbering scheme works as
follows. A global index is assigned to each vertex of the tessellatioff;, (consisting
of triangles or tetrahedra). If an edge adjoins two verticesv; and v;, we de“ne the
direction of the edge as going from vertex; to vertex v; if i <j . This gives a unique
orientation of each edge. The same convention is used locally to de“ne the directions
of the local edges on each element. Thus, if an edge adjoins the “rst and second
vertices of a tetrahedron, then the direction is from the “rst to the second vertex. A
similar numbering strategy is employed for faces. The key now is to require that the
vertices of each element are always ordered based on the their global indices.

For illustration, consider “rst the two-dimensional case. Let Ky be the UFC
reference triangle, that is, the triangle de“ned by the vertices {(0, 0), (1, 0), (0, 1)}.
Assume that K = Fx(Kg) and K’ = Fg/(K) are two physical triangles sharing an
edgee with normal n. If e adjoins verticesv; and v; and is directed fromv; to v;, it
follows from the numbering scheme thati < j . Since the vertices of bothK and K’
are ordered based on their global indices, and the local direction (as seen frok or
K’) of an edge is based on the local indices of the vertices adjoining that edge, this
means that the local direction of the edgee will agree with the global direction, both
for K and K’. Furthermore, if we de“ne edge normals as clockwise rotated tangents,
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F1c. 5.1. Two adjacent triangles will always agree on the direction of a common edge tangent
or normal. The two triangles in the figure share a common edge between the global vertices V2o
and Vsg. These two vertices have different local indices for K (1,2) and K’ (2,3), but the ordering
convention, local numbering according to ascending global indices, ensures that both triangles agree
on the direction of the common edge €.

K and K’ will agree on the direction of the normal of the common edge. The reader
is encouraged to consult Figure 5.1 for an illustration.

The same argument holds for the direction of edges and face normals in three
dimensions. In particular, if face normals are consistently de“ned in terms of edges,
it is straightforward to ensure a common direction. Consider two tetrahedraK and
K’ sharing a facef, de“ned by three vertices v;,,v;,,Vv;, such that i; < iy <isj.
Clearly, v;, will be the vertex with the lowest index of the facef for both K and K.
Furthermore, each of the two edges that adjoinv;,, that is, the edge fromv;, to v,
and the edge fromv;, to v;,, has a unique direction by the previous arguments. These
two edges can therefore de“ne consistent tangential directions of the face. Taking the
normalized cross-product of these edgesivgs a consistent face normal. This is the
approach used by FIAT/FFC. As a consequence, two adjacent tetrahedra sharing a
common face will always agree on the direction of the tangential and normal directions
of that face. This is illustrated in Figure 5.2.

We emphasize that the numbering scheme above does not result in a consistent
orientation of the boundary of each element. It does, however, ensure that two adja-
cent elements sharing a common edge or face will always agree on the orientation of
that edge or face. In addition to facilitating the treatment of tangential and normal
traces, a unique orientation of edges andaces simpli“es assembly of higher order
Lagrange elements. A similar numbering scheme is proposed in the monograph [28]
for tetrahedra in connection with H (curl) “nite elements. Also, we note that the
numbering scheme and the consistent facet orientation that follows render only one
reference element necessary, in contrast to the approach of [2].
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Vo2

Fic. 5.2. Two adjacent tetrahedra will always agree on the direction of a common edge tangent
or face normal. The two tetrahedra in the figure share a common face defined by the global vertices
V20, V50, and V7s. These three vertices have different local indices for K (2,3,4) and K’ (1,2,3),
but the ordering convention, local numbering according to ascending global indices, ensures that
both triangles agree on the direction of the common edges. In particular, the two tetrahedra agree
on the directions of the first two edges of the common face and the direction of the face mormal
nocep X ey =e] xes.

5.2. Mapping nodal basis functions. Next, we show how this numbering
scheme and the FIAT choice of degrees of freedom give the necessaty(div) or
H (curl) continuity. Assume that we have de“ned a set of nodal basis functions on
Ko, thatis, { ;}7, such that

()= 4y L] =1,2,...,n,

for a set of degrees of freedord ;}™ ,. These basis functions are mapped to two
physical elementsK and K’ by an appropriate transformation F (contravariant or
covariant Piola), giving a set of functions onK and K, respectively. We demonstrate
below that as a consequence of the above numbering scheme, these functions will
indeed be the restrictions toK and K’ of an appropriate global nodal basis.

ConsiderH (curl) and a global degree of freedom de“ned as the tangential com-
ponent at a point x on a global edgee with tangent t, weighted by the length of the
edgee,

(V) = llefv(x) -t = v(x) -e.

Let F<! be the covariant Piola mapping as before and let % and % be two basis
functions on K and K’ obtained as the mappings of two nodal basis functions, say,
and /, onKy,

K _ ]:;:(url() and K' _ J—_-}:(ulrl( l)'
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Assume further that is the nodal basis function corresponding to evaluation of the
tangential component at the point X € K along the edgeE, and that ' is the nodal
basis function corresponding to evaluation of the tangential component at the point
X’ € Kg along the edgeE’. Then, if x = Fx(X) = Fg/(X’), the covariant Piola
mapping ensures that

Kix).e= ( X)-E=1 and K(x)-€= ’(X')-E'=1.
Thus, sincee = ¢, it follows that

(%)= (")

Continuity for H (div) may be demonstrated similarly.

In general, FFC allows elements for which the nodal basis on the reference element
K is mapped exactly to the nodal basis for each elemenK under some mapping
F, whether this be a ne change of coordinates or one of the Piola transformations.
While this enables a considerable range of elements, as considered in this paper, it
leaves out many other elements of interest As an example, the Hermite triangle or
tetrahedron [13] does not transform equivalently. The Hermite triangle has degrees
of freedom which are point values at the vertices and the barycenter, and the partial
derivatives at each vertex. Mapping the basis function associated with a vertex point
value a nely yields the correct basis function for K, but not for the derivative basis
functions. A simple calculation shows that a function with unit x-derivative and
vanishing y-derivative at a point generally maps to a function for which this is not
the case. In fact, the function value basis functions transform a nely, but the pairs
of derivative basis functions at each vertex must be transformed together; that is, a
linear combination of their image yields the correct basis functions.

Examples of other elements requiring more general types of mappings include the
scalar-valued Argyris and Morley elements as well as the Arnold...Winther symmetric
elasticity element [7] and the Mardal...Tai...\Wther element for Darcy...Stokes "ow [27].
Recently, a special-purpose mapping fortie Argyris element has been developed by
Dom3nguez and Sayas [14], and we are generalizing this work as an extension of the
FIAT project as outlined below.

If { ;}is the reference “nite element basis and X}, is the physical “nite element
basis, then equivalent elements satisfy X = F( ;) for eachi. If the elements are
not equivalent under Fg, then { X3}, and {Fx( ;)}; form two dierent bases for
the polynomial space. Consequently, there exists a matrixM X such that % =
Zj M{j‘}"K( ;). In the future, we hope to extend FIAT to construct this matrix M
and FFC to make use of it in constructing variational forms, further extending the
range of elements available to users.

5.3. A note about directions. An alternative orientation of shared facets gives
rise to a special case of such transformations. It is customary to direct edges in a
fashion that gives a consistent orientation of the boundary of each triangle. However,
this would mean that two adjacent triangles may disagree on the direction of their
common edge. In this setting, normals would naturally be directed outward from
each triangle, which again would imply that two adjacent triangles disagree on the
direction of the normal on a common edge. It can be demonstrated that it is then
more appropriate to de“ne the contravariant Piola mapping in the following slightly
modi“ed form:

1

divey —
FrO= |detJK

|JK OFgl;
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that is, the determinant of the Jacobian appears without a sign.

To ensure global continuity, one would then need to introduce appropriate sign
changes for the mapped basis functions. For two corresponding basis functions®
and &' as above, one would change the sign of " or X such that both basis
functions correspond to the same global degree of freedom. Thus, one may consider
obtaining the basis functions on the physical element by “rst mapping the nodal basis
functions from the reference element and then correcting those basis functions with a
change of sign:

This would correspond to a diagonalM ¥ transformation where the entries are all+1.

Since a multilinear form is linear in each of its arguments, this approach cor-
responds to “rst computing a tentative element tensor AX and then obtaining AX
from AKX by a series of rank one transforms. ldwever, this procedure is unnecessary
if the contravariant Piola mapping is de“ned as in (2.9) and the numbering scheme
described in section 5.1 is employed.

For nonsimplicial meshes, such as meshes consisting of quadrilaterals or hexa-
hedra, the situation is somewhat more complicated. It is not clear how to ensure
a consistent, common local and global diection for the edges. Therefore, the UFC
speci“cation instead requires a consistent orientation of the boundary of each cell. In
this situation, the alternative approach, relying on the introduction of sign changes,
is more appropriate.

6. Examples. In order to demonstrate the veracity of the implementation and
the ease with which theH (div) and H (curl) conforming elements can be employed,
we now present a set of nhumerical examples and include the FFC code used to de-
“ne the variational forms. In particular, we return to the examples introduced in
section 2, which include formulations of the Hodge Laplace equations, the cavity res-
onator eigenvalue problem, and the weak symmetry formulation for linear elasticity.

6.1. The Hodge Laplacian. Consider the weak formulations of the Hodge
Laplace equation introduced in Examples 2.1 and 2.2. For C R? and di erential 1-
and 2-forms, we have the mixed Poisson equation (2.1). Stable choices of conforming
“nite element spaces 5 x V;, C H(div) x L? include V, = DG ,_; in combination
with  , € {RT,_;,BDFM,,BDM .} forr =1,2,.... The FFC code corresponding
to the latter choice of elements is given in Table 6.1. Further, for C R3, we give the
FFC code for the formulation of (2.3) with the element spaces NEDQ_, x RT,_; C
H (curl) x H(div) in Table 6.2.

For testing purposes, we consider a regular tessellation of the unit square/cube,

=[0 ,1]*, n=2,3, and a given smooth source for the two formulations. In particu-
lar, for (2.1), we solve for

(6.1) u(xy,X2) = Csin(x 1)sin( X 2),
with C a suitable scaling factor, and for (2.3), we let
x2(x1 — 1)%sin( x 2)sin( X 3)

(6.2) u(x1, X2, X3) = | X3(x2 — 1)%sin( x 1)sin( x 3)
X3(x3 — 1)%sin( x 1)sin( X 2)
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TABLE 6.1
FFC code for the mized Poisson equation.

r 3
S = FiniteElement ("BDM", "triangle", r)
V = FiniteElement ("DG", "triangle", r - 1)

element = S + V

(tau, v)

= TestFunctions(element)
(sigma, u) =

TrialFunctions(element)

(dot(tau, sigma) - dot(div(tau), u) + dot(v, div(sigma))*dx
dot (v, f)*dx

a
L

TABLE 6.2
FFC code for the curl-div formulation of the Hodge Laplace equation.

r =2

CURL = FiniteElement("Nedelec", "tetrahedron", r - 1)
DIV = FiniteElement ("RT", "tetrahedron", r - 1)
element = CURL + DIV

(tau, v)

= TestFunctions(element)
(sigma, u) =

TrialFunctions(element)

a (dot(tau, sigma) - dot(curl(tau), u) + dot(v, curl(sigma)) \
+ dot(div(v), div(u)))*dx

L = dot(v, f)*dx

Note that u given by (6.2) is divergence-free and such thati x n = 0 on the exterior
boundary, and thus satis“es the implicit natural boundary conditions of (2.3).

A comparison of the exact and the approximate solutions for a set of uniformly
re“ned meshes gives convergence rates in gect agreement with the theoretical values
indicated by Table 3.2, up to a precision limit. Logarithmic plots of the L? error of
the "ux using , € {RT,_;,BDM,} versus the mesh size for = 1,2,...,7 can be
inspected in Figure 6.1 for the mixed Poisson problem (withC = 100).

For the curl-div formulation of the Hodge Laplace equation (2.3), we have included
convergence rates fou and in Table 6.3. Note that the convergence rates for the
combinations NED,. x RT,. and NED,. x BDM ., r = 1, 2, are of the same order, except
for the || - ||aiv error of u, though the former combination is computationally more
expensive.

6.2. The cavity resonator. The analytical nonzero eigenvalues of the Maxwell
eigenvalue problem (2.5) with =[0, ]*, n=2,3, are given by
(6.3) 2=m2+ mi+ ...+ m2 m;e{0UN,
where at leastn — 1 of the terms m; must be nonzero. It is well known [28] that
discretizations of this eigenvalue problem usingd * conforming “nite elements produce
spurious and highly mesh-dependent eigenvalues®. The edge elements of the Kdélec
type, however, give convergent approximations of the eigenvalues. This phenomenon
is illustrated in Figure 6.2. There, the “rst 20 nonzero eigenvalues ,217N produced
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F1a. 6.1. Convergence rates for the discretized mized Poisson equation (2.1) using RT,_1 X
DG,_1 (left) and BDM, x DG ,_1 (right), r = 1,2,...,7. Logarithmic plots of the L2 error of the

fluz approzimation: || —

nllo versus mesh size. The convergence rates in the left plot are O(h™)

and the convergence rates in the right plot are O(h™*1); ¢f. Table 3.2. The error does not converge
below ~ 10710 in our experiments as a result of limited precision in the evaluation of integrals
and/or linear solvers. The exact source of the limited precision has not been investigated in detail.

TABLE 6.3

Averaged convergence rates for the discretized curl-div formulation of the Hodge Laplace equa-
tion (2.3) using NED,_1 X RT,_1,r =1,2,3, and NED, x BDM,, r =1,2. Number of degrees of
freedom in the range 80,000-300,000.

Element = allo |l rlleurt  [lU—=Ugpllo  [[u—Upllgiv
NEDg x RTo 0.99 0.98 . 0.98
NED; x BDM1 1.96 2.00 1.95 0.96
NED;1 x RT3z 1.97 1.97 1.98 1.98
NED; x BDM2 3.00 2.99 2.97 1.97
NED2 x RT> 2.98 2.96 2.97 2.97

20 T T T v

e o Nedelec ‘ j
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f f PO
13f S A 1
s 10 e g 7
9 e @A .
8- B @A y
L a
5f- R SLEI LRI RE SLPIEPIPRI AR 1
ab Py e P .
of e | | ]
1p-a ‘ 1
0 5 10 15 20

F1G. 6.2. The first 20 eigenvalues of the cavity resonator problem computed using first order
Nédélec elements (NEDg) and Lagrange elements (P1) on a coarse (16 x 16) criss-cross mesh. The
exact analytical values are indicated by the horizontal grid lines.
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TABLE 6.4
FFC code for linear elasticity with weak symmetry.

def A(sigma, tau, nu, zeta):
return (nuxdot(sigma, tau) - zeta*trace(sigma)*trace(tau))*dx

def b(tau, w, eta):
return (div(taul[0])#*w[0] + div(taul[1])#*w[1] + skew(tau)*eta)*dx

nu = 0.5

zeta = 0.2475

r=2

S = FiniteElement ("BDM", "triangle", r)

V = VectorElement ("Discontinuous Lagrange", "triangle", r-1)
Q = FiniteElement ("Discontinuous Lagrange", "triangle", r-1)
MX = MixedElement([S, S, V, Q1)

(tau0, taul, v, eta) = TestFunctions(MX)
(sigmaO, sigmal, u, gamma) = TrialFunctions(MX)
sigma = [sigmaO, sigmall

tau = [tauO, taull

A(sigma, tau, nu, zeta) + b(tau, u, gamma) + b(sigma, v, eta)
dot (v, f)*dx

a
L

by the Nedélec edge elements on a regular criggoss triangulation are given in com-
parison with the corresponding Lagrange eigenvalue approximations ,217L. Note the
treacherous spurious Lagrange approximations such as,QLL ~ 6,15.

6.3. Elasticity with weakly imposed symmetry. As a “nal example, we
consider a mixed “nite element formulation of the equations of linear elasticity with
the symmetry of the stress tensor imposed weakly as given in Example 2.4. In the
homogeneous, isotropic case, the inner product induced by the compliance tensér
reduces to

for , material parameters. A stable family of “nite element spaces for the discretiza-
tion of (2.6) is given by [6]: BDM? x DG?_, x DG,_; C H(div; ,M) x L?( ,R™) x
L2(), r=1,2,.... The 17 lines of FFC code su cient to de“ne this discretization
are included in Table 6.4.

Again to demonstrate convelgence, we consider a regular triangulation of the unit
square and solve for the smooth solution

(6.4) u(Xo, X1) = ( —X18in(X o) )

0.5x 2 cos(X o)

The theoretically predicted convergence rée of the discretization introduced above is
of the order O(h™) for all computed quantities. The numerical experiments corrobo-
rate this prediction. In particular, the convergence of the stress approximation in the
H (div) norm can be examined in Figure 6.3.
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F1a. 6.3. Left: Convergence rates for elastic stress approzimations of (2.6). Logarithmic plot
of H(div) error of the approzimated stress  wversus mesh size. The convergence rates are O(h"),
r =1,2,3,4. Right: Elastic dolphin hanging by the tail under a gravitational force.

7. Conclusions. The relative scarcity of H (div) and H (curl) mixed “nite ele-
ment formulations in practical use may be attributed to their higher theoretical and
implementational threshold. Indeed, more care is required to implement their “nite
element basis functions than the standard Lagrange bases, and assembly poses ad-
ditional di culties. However, as demonstrated in this work, the implementation of
mixed “nite element formulations over H (div) and H (curl) may be automated and
thus be used with the same ease as standard formulations ovét!. In particular, the
additional challenges in the assembly can be viewed as not essentially di erent from
those encountered when assemblingither order Lagrange elements.

The e ciency of the approach has been further investigated by @lgaard and
Wells [32], with particular emphasis on the performance when applied to more com-
plicated PDEs. They conclude that the tensor representation signi“cantly improves
performance for forms below a certain complexity level, corroborating the previous re-
sults of [21]. However, an automated, optimized quadrature approach, also supported
by FFC, may prove signi“cantly better for more complex forms. These “ndings indi-
cate that a system for automatically detecting the better approach may be valuable.

The tools (FFC, FIAT, DOLFIN) used to compute the results presented here are
freely available as part of the FEnICS project [15] and it is our hope that this may
contribute to further the use of mixed formulations in applications.
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